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A QUANTUM NONADAPTED ITO FORMULA AND 
STOCHASTIC ANALYSIS IN FOCK SCALE 

V.P. BELAVKIN 


Abstract. A generalized definition of quantum stochastic (QS) integrals and 
differentials is given in the free of adaptiveness and basis form in terms of Malli- 
avin derivative on a projective Fock scale, and their uniform continuity and 
QS differentiability with respect to the inductive limit convergence is proved. 
A new form of QS calculus based on an inductive *—algebraic structure in an 
indefinite space is developed and a nonadaptive generalization of the QS Ito 
formula for its representation in Fock space is derived. The problem of solution 
of general QS evolution equations in a Hilbert space is solved in terms of the 
constructed operator representation of chronological products, defined in the 
indefinite space, and the unitary and *-homomorphism property respectively 
for operators and maps of these solutions, corresponding to the pseudounitary 
and ^-homomorphism property of the QS integrable generators, is proved. 


1. Introduction 

The noncommutative generalization of Ito stochastic calculus developed in [1- 
6], gives an adequate instrument of studying of the behavior of open quantum 
dynamical systems in a singular coupling with Bose stochastic fields. The quan¬ 
tum stochastic (QS) calculus enables us to solve the old problem of the stochastic 
description of continuous collapse of the quantum system under a continuous obser¬ 
vation by using the stochastic theory of quantum nondemolition measurements and 
filtering theory [7-9]. This gives the examples of the stochastic nonunitary, non¬ 
stationary and even nonadapted evolution equations in Hilbert space, the solution 
of which requires one to define the chronologically ordered stochastic exponents of 
operators and maps in an appropriate way. 

Here we solve this general problem in the framework of a new QS calculus in Fock 
space, based on the explicit definition of the QS integrals free of the adaptedness 
restriction in a uniform inductive topology, given in [10]. We derive the general 
(nonadapted) Ito formula as a differential of the Wick formula for the normal or¬ 
dered products, represented in an inductive *-algebra with respect to an indefinite 
metric structure. The QS generalization of Ito formula for adapted processes was 
obtained by Hudson and Parhasarathy in [1], where the unitary QS evolution was 
constructed for the case of time and field independent QS generators L. They 
used the QS integral for an adapted operator-valued function Dt as the limit of 
Ito integral sums in the weak operator topology, dehned as in classical case due to 
commutativity of forward QS differentials dA(t) = A(t-|-dt) — A(f) with Dt. In this 
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approach the QS evolution for nonstationary generating operators of QS differential 
equations was obtained for some finite dimensional cases by Holevo [11]. 

An another definition of QS integrals, based on the Berezin-Bargman calculus in 
terms of kernels of operators in Fock space was proposed by Maassen [3]. One can 
show that Maassen kernel calculus corresponds to the particular cases of our QS 
calculus, which is given directly in terms of the Fock representation of integrated 
operators, instead of kernels [3,4]. Using this new calculus we construct also the ex¬ 
plicit solution of the nonstationary, non Markovian, even nonadapted QS Langevin 
equations for a QS differentiable stochastic process in the sense [12,13] over a unital 
*-algebra A C B(?{) as the Fock representation of an recursively defined operator¬ 
valued process in a pseudo Hilbert space with noninner QS-integrable generators. 
Such QS evolution in a Markovian stationary case was constructed recently by 
Evans and Hudson [14] and in a nonstationary case by Lindsay and Parthasarathy 
[15]. We shall obtain the existence and uniqueness of Evans-Hudson flow in free 
dimensional Markovian case by the estimating of the explicit solution in the intro¬ 
duced inductive uniform topology under the natural integrability conditions of time 
dependent structural coefficients. 


2. Nonadapted QS integrals and differentials 

Let he a Hilbert space with probability vectors h gH , ||/i|| = l,ofa quantum 
dynamical object, described at any instant t e M+ by the algebra of all linear 
bounded operators L inTi with Hermitian involution L ^ L* and identity operator 
I. Let AT be a Borel space with a positive measure dx, say X = ]R_|_ x R'^, and let 
{S{x),x G X} be a family of complex Euclidean subspaces £{x) C /C of a Hilbert 
space K, (usually a dense subspace £ of an infinite-dimensional 1C) describing the 
quantum field (noise) at a point x € X of a dimensionality dim£l(a:) < oo, and 
£- (x) A /C be their duals, identified with the completion of IC (respectively to a 
norm ||fc||_ < (fc | A:) = ||fc||^, say dual to a Hilbert norm ||fc|| > ||fc||;^ on £ (x) = £). 
We denote hy £ C (X)®/C the Hilbert integral f® £{x)dx of the field state spaces 
£{x), that is the space of all square integrable vector-functions k: x ^ k{x) G £{x), 

{k\k) = J ||fc(x)||^dx < oo , \\k{x)\\'^ = {k\k){x), 


and by r(Af) the Fock space of symmetrical tensor-functions k{xi,... ,x„), n = 
0,1,..., with values in £{xi) ® • • • (8> £{xn)- Let us assume the absolute continuity 
dx = A(t, dx)dt with respect to a measurable map t: X ^ 1R+, say t{x) = t, 
X{t, dx) = dx for x = {t, x) G M+ x such that 


/ fitix))dx= f{t)X{t,A)dt 

JA Jo 

for any integrable A C X and essentially bounded function /: IR+ ^ C. Then one 
can represent the Fock space r(Af) as the Hilbert integral X = £®(>^)d>^ of the 

functions 

k: K ^ k{>c) G £'^{k) , £^{k) = (Sixe>c£ix) 


over the set X of all finite chains = (xi,...,x„), identified with the indexed 
subsets {xi,..., x„} C A of cardinality jxj = n < oo and d>c = 1 [ dx under the 
order t(xi) < • • • < t{xn)- We shall denote by t(>f) the chains (subsets) {t(x)|x G 
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>c], ^ ^ X denotes the empty chain and £ T denotes the vacuum function: 
l${x) = 0 , if 7 ^ 0 ; l 0 ( 0 ) = 1 . 

This can be done as in the case X = K+, t(a;) = a; by the isometry 

\\k{xi ,... ,a:n)||idxi.. .dx^, 

where the integrals in right hand side is taken over all = {xi < ■ ■ ■ < Xn} with 
different ti = t{xi) due to 

pOO pOC pOO pOC 

/ dti dt2... dtnf{ti,t2,...,tn) 

for the symmetrical function 

P n 

= / ||fc(>ir)f tt A(ti,dxi). 

i=l 



y 1 


'A” 


llfc(>^)fd>^ = y 




One can consider the set X as the space with a casual preorder < [12], and the 
increasing map t: x < x' => t{x) < t{x') as the local time, if for any x G X and 
t' > t{x) there exists x' G X such that t{x') = t' (As it is for the map t{x) = t with 
respect to the Galilean or Einsteinian order in space-time X = ]R_|_ x R'^). 

Let us denote by J-{^) = /® {K)dK for all ^ > 0 the Hilbert scale of Fock 

spaces T{^) C !F{C), ^ defined by the scalar products 


^(o = Er 


n—O 




||fc(a;i,. 


||jda;i 


' • dx„ 


(where ||A:(>f:)||| = ||fc(>c)||^, ^ < 1 for k{>c) G 5®^ and ||fc(>t:)||| = ||A:(>c)[p, ^ > 1 
for k (xr) G 5®^) by tJ(C = H i8> the Hilbert tensor products, by 5+ = t/(y), 
Q = ^(1), g_ = Q{^_) the Hilbert subspaces ‘Z Q Q G- for some ^ > 1 > ■C-) 
and let us note that any linear operator L G B{H) can be considered as (y,^_)- 
continuous (bounded) operator B : G'^ —> G- of the form B = L(g)l, where 1 means 
the identity operator i = I®{x)d>c = I® in T = !F{1), I®{k) = iSixg^Hx), 
considered as the identical map ^(y) ^ Following [2,8] we define the QS 

integral A*(D) = dA^(D) for a table D = (A’0)(^=o]+ of functions {D^{x),x G X} 
with values in continuous operators 

£> 0 ( 3 ;) : G'^ 0 £{x) ^ G- ^ £-{x) , -D+(a;) '■ G^ ^ G-, (1.1a) 

D^j^{x) ■. G^ ^ G-® £-{x) , Dq{x) :G^ ®£{x) ^ G- , (1.1.5) 

as the sum A*(D) = ^ D!^) of the operators A])(t, D) ■. a G G ^ D)a, 

acting as 

[A0(t,D0)a](xr) = Exe>.‘[^[!(a^)a(a;)](>^\a;) (1.2a) 

[X:^{t,D\)a]{K) = Y.xeAD+{x)a]{3<\x) (1.25) 

Dq )a]{x) = {x)a{x)]{}<)dx (1.2c) 

[Atit, D~a]{>c) =/yt[D“(a;)a](xr)da: , (1.2d) 


Here x* = x n X* , X* = {x G X : t{x) < t}, X\x = {x' G k ■. x' ^ a;}, and 
a ^ a{x) is the point (Malliavin [16,17]) derivative 5+ ^ (g) £{x), evaluated in 
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the Fock representation almost everywhere as [d{x)]{>c) = a(x U x), where x U x = 
{x, X ■. X (ji x\ the disjoint union of the chains x^ x a X. The operator-functions 
(1.2) were defined in [1] as the limits of the QS ltd integral sums with respect to 
the gage, creation, annihilation, and time processes respectively for the bounded 
adapted operator valued functions D{x) = A{x) ® Ijj, where t = t{x), Ij; = 7® 

is the identity operator in £'^(x)dx, X^t = [x G X\t{x) > t}. As it 

follows from theorem 1 in [9,10] the operators (1.2) are densely defined in Q as 
(("'’, C-)"Continuous operators ^(C''') ^ G{C-) for any C'*’ > C"*" > C- < oven for 
the nonadapted and unbounded D, satisfying local QS-integrability conditions 


I 


l?+,oo < 




<oo. 


\D, 




< oo, liZl 




< oo 


(1.3) 


for all t G M+ and some > 0, where 

i/p 


\D 


|S_.t 

k+,p 


'x> 


(p(^)ll 5 ; 


da; 


\\D 




sup{pa||(^_)/||a||(e+)}. 


Let us now define the multiple QS integral 


A 


[O.i) 


OO C C C 

{B) = Y^ / .../ dA‘o-.*n(B) = / dA^(B) 

n=0 7o<ii< - <i„<i Jo < T<t 


for the operator-valued function B{‘d) on the table ‘d = (dO)O^Q of four subsets 
G X with values 


as the operators in Q with the action 

[A[o,t)(B)a](4.) = ^ / j [B{d)a{d^UdlW^_)M^dd- . (1.5) 

^n. . <\r\ ^ J 




Here = x D (z?q U d)}.) = is the difference of a subset x C X and 

the partition i?g U as the disjoint union dg IJ C x, dg D d® = 0, X* = {x G 
X\x C X*}^ and the point (Malliavin [16]) derivative 

d('d) = J a{xU'd)dx G ® 

is defined for almost sd\ x G X, x r\ d = % a,s d{x,'d) = a{x U d) by a vector- 
function a G G'^. We shall say that the function B is locally QS integrable (in a 
uniform inductive limit), if for any t G K.+ there exists a pair (ji*, rj^) of triples i]' = 
{r]~,rf, ? 7 +), ? 7 , = (? 7 _, ryg, 77 +) of numbers 77 ^ > 0 , 77 ^ > 0 , for which ||S||^I (f) < 00 , 
where 



( 1 . 6 ) 


(sup is taken as essential supremum over dg € A*). As it follows from the next 
theorem, the function B{d) in QS integral (1.5) can be defined up to the equivalence 
having the kernel H w 0 j|Hjj^;(t) = 0 for all 77 ,, 77 * and t. In particular, one 
can define it only for the tables t? = (t?))), which are partitions x = Ud]) of the 
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chains k ^ X, i.e. for ‘d = where x means one from the four single point 

(elementary) tables 



Theorem 1. If B is a locally QS integrable function (1-4), then the multiple integral 
(1.5) is a continuous operator U* : ^ 0(?-) for ^ 

having the estimate 

liA[o.Q(B)ai|(X) < l|S|i::||a||(n , Vaee(e+) • 

The formally conjugated in Q operator is defined as QS integral 

A[oy)(i?)*=A[o,t)(B*),i3*(t?)=B(r)*,r = (^^1 , (1.7) 

which is the continuous operator Q{l/f,_) Q{l/S(^) with 

|!A[oy)(B*)||J/f = ||A[ 0 .Q(i?)||J; ^sup{||C/‘a||(X)/l|a||(e+)} ■ 

The QS process U* = A[q ()(i?) has a QS differential dU* = dA*(D) in the sense 
A[o,t)iB) = B{$) + X(D) , D>f{x) = A[o,t(.))(B(xO)) 

with continuous QS derivatives D = [Df), densely defined as in (1.5) by 

B(x.,‘d) = B{x U t?) for almost all “d = (df), where x = {xf;) is one from the 
elementary tables idf, p ^ +, u ^ — with xf, = x, and Df G X*'^^'>. 

Let B{d) be defined for any partition x = G X as the solution Bfd) = 
L<{d) © 5(0) of the recurrency 

B(x U t?) = L(x) 0 B{d),^(; G 

with 5(0) = T° © i, i.e. 

5(x, d) = (A(x) © i) • 5(t?) , 5(0) = r° © i (1.8) 

with a table L = of operator-valued functions L(;{x) = L(ydf), 

LQ(a;) : Ti © S{x) ^ TL® £{x) , Lf_{x) : H ^ H , (1.9a) 

L^{x) : TL ^TL® S{x) , Lq{x) : H® S{x) TL , (1.96) 

L Q B = [L ®1) ■ B, and 

B{x) ■ 5(i?) = {B{x) © /®(i?° U <))(5(i?) © I®{x^ U xD) , 

where I^{x) = ©a;g^/(a;),/(x) is the identity operator in S{x). ({B(x.) ■ B(d) in 
(1.8) means usual product of operators in Q, if dim£ = 1). 

Then the process U* = A[o_t)(5) satisfies the QS differential equation dU* = 
dA*(L 0 5‘) in the sense 

U* = U° + A*(L © 5‘) , (L © 5)0(a;) = (L(xO) © . 


Proof. Using the sum-point integral property 

J Y. f{d-,do,fl+)df} = JJJ f{f}.,f}o,d+)l[dd. 




( 1 . 10 ) 
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of the multiple sum-point integral, we obtain from definition (1.5) for a,c G Q\ 


(c(t?)|[[/‘a](i?))dd = / dd; / 

Jx* Jx* 


Ixt 


d< / dd[](c(t?°uO|B(,?)d(^?o-U^O)) = 


/A‘ 


/ d^; / ddo 

/a* Jx* 

jt*- 


y^^d^[!(i?(,?)*c(t9[!ud)t))|d(do-U,?[!))= y ([C/‘*c](d)|a(r?))dd 


that is U^* acts as A[o,in (1.5) with B*{'d) = B{'d*)*. Moreover this equation 
gives ||A[o,t)(B)||^/‘^ = ||A[o,t)(B*)||J/^ as 

\\U\\f = sup|(c|C/a)|/||a||(?)||c||(C) = sup |([/*c|a)|/||c||(C)||a||(0 = ||[/*||f . 
Let us estimate the integral {c\U*a), using the Schwarz inequality 

J l|c(d)||(? 7 :i)||d(d)||(? 7 +)(? 7 o/? 7 °)l’’l/ 2 dt? < ||c||(r 7 l\^ ^)||d||(? 7 +, 77 °) 

and the following isometricity property of the multiple derivative: 

l|d||(^,?7) = (^JJ C'’’'» 7 ''^'l|a(^^LJcr)fdMcr^ = ||a||(^-f? 7 ) . 

This gives |(c|C/*a)| = \ j{c{>c)\[h® ^^{B)a]{x))d>c < 


< 


< 


ddl 


ddn 


/A‘ 


/A‘ 


dd° 


/A* JA* 

r 

qO llAOqO 


d7?°||c(7?°uO||(,7:i)|||i?(^)||^;||d(do-ud°)||(,7+) 


dd+ / ddo / dd)j.||c(7?)j.)||(r7_^-f?7o^)||d(do)||(?7+-fr7‘')ll-B|lI!+’I!o(f,t?\j?o) 


/A‘ 


/A‘ 


/A‘ 


7]^,7]^ 




ddn 


/A‘ 

.iQi 


^0 m 

/A* { t ]~ 


dd' 






where ||S||^+’^“(t,= esssup^og;t,t||B(^)||^+. Hence 

|(c|C/‘a)|<||c||(C')l|a||(e+)||i?|i:;:(0 

for 

Using the definition (1.5) and the property 

f /(■d)dd =/( 0 )-f [ dx [ f{x,'d)d'd , f{x,'d) = f{xUd) 
Jx* J X* Ja*(») 

one can obtain 


t{^l)<t{x) 

[dx ^ 

■d°U'd\<Z7< ' 

E 

^gui9“.C 


[(C/‘ - U^)a]{><) = [(A® ,)(H) - i?(0))a](x) = 

r* 

dd] 


'+ / ddo [H(x_^,t?)d(do U7?o)+S(xo ,t?)d(AUdo Udo)](-d_) 
'a*(®) Ja*(®) 


dd] 


/a‘(*) 


/a*(«) 


ddp [H(x(|.,'i?)d(do U-dg)-|-i?(xo,■i?)d(AUdo U-dg)](d_ 
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Hence 


[/* _ [/o = At (<, D:^) + A0_(t D^) + A+(i, ) + A0(i, , 


where At(t) are the QS integrals (1.2) of operators 






[D>l{x)a]{K) = / 

i? 0 ui ?0 C>c 




A*(«) 


di?o-[S(x^,i?)&(i?o-U!?[])](d°_) 


for a S , 5 G (g) £i(x). This can be written in terms of (1.5) as D^{x) = 
A® j^^jj(ii(x'))). Due to the inequality 


||c/‘||^;<||i?|i:;:(t), 
one obtains ||D;||^;’* < ||S||^:(t): 

/ \\D+ix)\\hdx< f \\B-{x)f :[t{x)]dx= f dx f ||H-(xUd)||(j; [t(a;)]di? 

Jx* ^ Jx* Jx* JA‘(*) 


= / ||i?;(A)|i:;:(t)d;.-||i?;(0)|i:;:(t) = ||Hti:;;(t)-||i?;(0)|i:;;(t), 

Jx* 

( i?~ >r \ 

0 0 ) • In fhe same way we obtain 

■*^0 'd+J 

(p(7(a;)ll^;) dx < (||H(;-(x)||^:[t(x)]) dx < 77-(||H||^:(t))2 , 

(ll■D+(a;)ll^;) dx < (||H° (x)||(j:[t(x)]) dx < (t))^ , 

and 

esssup^gx‘PS(a;)||?; < ess sup ||.B°(x)||^:[t(x)] < \/W% ll■B||^:(^) . 

This proves the QS-integrability (1.3) of the derivatives D^{x) with respect to the 
(t^,t_) norms. 

If B{'d) satisfies the recurrence (1.8), then B{x^) = L'^^x) © B, and D^{x) = 
TO(x) 0 l 7 d“) due to the property A^ ^^{LqB) = TqA® ()(i?) for LqB = {L^i)-B, 
following immediately from the definition (1.5). Hence H* = A® ^^{B) = [/°+A‘(D) 

with [7° = r° © i and B{‘d), defined for the partitions x = UdO of the chains >c G A 
as L^(tf) ©r°, where L^(t?) = L{xn) • ■ ■ A(xi) for t? = U’©;^Xi, satisfies the equation 
(1.10). I 


Corollary 1. Let B{‘d) = L(i?)©i be defined by the QS-integrable operator-valued 
function 


L (^^°o ^0 ) : H © £®(i7o ) ® ^ W © f?(il°) © f®«) 

with = ||il||^: < oo for r]'^,pZ^ > 1. Then the QS integral A^ t)iB) = [/* 

defines an adapted (^~'’,^_) continuous process U* for > 77 “ + 77 ° + 1 , > 
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+ 77q ^ + 1 in the sense U*{a* c) = b* iS> c for all a* G c G J-[t with 

b* G where ^ 


rm , 

:F\0 = ^\-\£f{K)dK, X^ = {k& X\t{K) C [0,t)}, = [£, C 


>1 e<i 


It has the adapted QS derivatives D^{x) = A'fix) ® i[t(a:)5 where l[t is the identity 
operator in IFyt{x) with A^{x), defined in g*^^'). IfU* is an adapted QS process with 

II^^IIg^ < then dA*(B © [/) = dA‘(B)[/* in the sense 


A*(B 0C/)a= f dA"(B)C/"a, 

Jo 


where B © [/ = B • ([/ © 1) and the left hand side is defined as the limit of the ltd 
integral sums A*(B©[/) = lim„^oo Er=o [A**+^(B) — A**(B)] [/*• , to = 0, tn+i = t 
in the uniform -topology. 

Indeed, the QS integral (1.5) for i? = L © 1 and a = ®c with a* G G* , c G J-[t 
can be written as 

UUl=xt'' 

The norm ||L © for > 1 does not depend on 77 ^, 77 !^, hence 

l|A®,)(L©i)||«;<||L||^-;;-t„ 

if > E> E with 77 + = 1 = 77 _. 

The derivatives Z?)) are adapted as multiple QS integrals A® of 

B(x) = L(x)©l. Iff/® , s < t is a simple adapted function [7® = Er=o 

with to = 0,t„+i = t , l[t,t_,.)(s) = 1 for s G [t, t+), otherwise l[t,t^)(s) = 0, then 

n n 

A‘(B © U)a = ^(A‘^+1 - A*Q(B © Ui)a = ^[A‘^+KB) - A*^(B)]&, , 


where = UiO, if t7 is a constant adapted process on [r, s): 

[A®^)(i?[/)a](>^)= J2 [ [ [B(7?)&(7to-U7?°)](7?°_)d7t-d7t; . 

. JX‘ JX‘ 


Ul9gC>t; 


3. A NONADAPTED QS CALCULUS AND ItO FORMULA 

Now we shall consider the operators U = i{T) acting in ^ © .7^ as the 

multiple QS integrals (1.5) with B = L © 1, and t = 00 according to the formula 

[t(r)a](x)= ^ f f T{>e)a{><^UKg)d><QdKf (2.1) 
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Here the sum is taken over all partitions of the chain yt ^ X^ and the operator¬ 
valued function T(>^) is in one to one correspondence 


T 


= E 


L 




' I? i?+ 


= E(-i)'’ 

xrCiJ 


T 


'&\k 




with the operator-valued function L{‘d), defining the integral representation U = 

-^[0,oo) ^ !)■ 

Using the arguments in section 1., one can prove, that the operator i(T) is 
^_)-continuous, if T is (C*, C,)-bounded for = (C~,C°) and C, = (CojC-i-)j 
satisfying the inequalities ^ ■f"'') Co ^ + C+^ ^ because 


<T)\\l-^ < IITII^: = 

In this case the formally conjugated operator 


C. _ 



1/2 


u* = i(r*), T*{>c) = T{>c*y 




+ - 


( 2 . 2 ) 


exists as (^''',^_)-continuous operator tJ(C+) ^ ) with ||[/*||^+ = ||U||J^^ , if 

c+>Co”' + c;\c:'>C“ + c°- 

As we shall prove now, the map i. is the representation in of a unital ^-algebra 
of operator-valued functions T(x), satisfying the relative boundedness condition 


||T||(C) = esssup,{||r(>.)||/ n C!;«)} < oo , (2.3) 

//<!/ 

where C(^) = 11 ((^)j with respect to a triangular matrix-function ^(a;) = 

[C0(a;)], /i, u = —, 0, -I- CO = 0 for /t > u under the order — < 0 < -I- , Cl(a^) = 1 = 
C+(3^) with positive LP-integrable functions (C0)0=o~+ corresponding p =1,2, oo: 

IIC^ 111 < oo, IICo II 2 < 00 , IIC+II 2 < 00 , IlColloo < OO , 

where ||C||p = (/ C^(x)dx)^'^P. In this case the operator U = l{T) is C-bounded, as 
it follows from the next theorem, for C > HColl = esssup,j,g;!fCo(3;) in tbe sense of 
(C*",C-)-continuity of U for all C_ > 0 , C"*" ^ C ' C-- This is due to the estimate 



(C+)|-“| 


(Co)i-si 

((0)1-0°! 


n 


.yL<V 


dxfO dxTp 


1/2 

d^ywmc) 


= / n C-i(a;)d^ 


.•7: C •- 


TT TT Co(2;)^ 

11 —^d><esssup [[ 


1/2 


riKC) 


x^>c ^ + 


< exp{ J (C+(x) -f (Co {xf + C+(x)2)/2e)dx}||r||(C) , 


(2.4) 
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for > e > 0, and C°Co ^ — IICollLi giving l{T) = 0, if T{}() = 0 for almost 

all >e. Hence the operator (2.1) is defined even if T(>f) is described for almost all 
>e = (x()), in particular, only for the partitions xr = Ux:() of the chains >c G X. 

Theorem 2. If the operator-valued function 





satisfies the condition (2.3), then the conjugated operators U = i(T), U* = i.{T*) are 
(-bounded in Q for any ( > Cq, and the operator U*U is defined in Q as -bounded 
operator 

i(S-T) = i(S)i(T) , S = T* 

by the following product formula 


{S-T){>t)= E E ^ 

CT“npy=i?“ 


do U d+, >f+\CT+\ rr,( Xq \do , >c+\p. 


xroUd_[_, yxrg U dg , d_|_ U d 


This induces a unital -k-algebraic structure on the inductive space U of all relatively 
bounded functions T with 

r*||(C) = l|T||(C), l|T*-T||( 0 <[||T||(C)P, 


j'l (u > iCO'i, where C{x) = gC{x)*g and {CC){x) = C{xK{x) are defined by 
usual product of the matrices 

'0 0 1 ] ri Co” c;1 [1 c+ c;' 

g= 0 1 0 ,C{x)= 0 Co C+ (a^). C(a^) = 0 Co Co ■ (2-6) 

_i 0 oj [o 0 1J [o 0 1 . 


If the multiple QS integral U* = A[o.t)(i?) is defined by B{‘d) = with 

^ ("d d^) - cAl^WA+(^+)V(^”)A;(d+), A(d) = n A(a;) > 0 , 

then A[o_t) o i = io A^[o,t) i.e. U* = l(T*), where 

T\^) = ^ L(d,>t\d) = fV[o.i)(A)(>^) (2.7) 

with ||T‘||(C) < c, if C^{x) > ((;{x) + X^{x) for t{x) < t, and (^{x) > C{x) for 
t{x) > t. The QS derivatives D(;{x) = A[o_t(a;))(ij(x{))) for the process U* = i{T*) 
have the natural difference form D = G — U, described by the representations of 

T* (x, ><■) = T* (><■ U x) 

with X = xO, /i<+,^> — at t\ t{x) 

Ufix) = 6(T‘(")(xO)), Gfix) = i(T‘(")l(xO)) , (2.8) 

where T^l(x-) = N[o^t)iL){^) for any t > s , t < t{x) 'ix G Ks = Unf) n t“^(s, oo), 
and xf) denotes an elementary table d = (d”) with d^ = 0 except = x. The QS 
differential dU* = dA(D*) is defined by the derivative D* = G* — U*, and 

d{U*U) = dA(U*D + D*U + D*D) = dA(G*G - U*U) , 


(2.9) 
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where the QS derivative G*G—U*U of the QS process (U*Uy = [/**[/* is described 
in terms of the usual products (U*U)(a;) = U*(a:)U(a;) and the pseudo Hermitian 
conjugation U*(x) = (7 ® g(x))U(a;)* (7 ^ g{x)) of the triangular matrices 



'u 


^+1 


0 

Dy 



u, 

Go”, 

g;1 

u = 

0 


ul 

, D = 

0 

^0° 

Dl 

, G = 

0 

OO 

GO 


0 

0 

u 


0 

0 

0 


0 

0 

U 


with U{x) = U*^^\g{x) = [gijix)],g_ = 1 = gl,g^{x) = I{x), otherwise gf = 0. 


Proof. Let us firstly obtain an estimate for the representation U = l{T) of a rela¬ 
tively bounded operator-valued function T in the sense (2.3). Due to the inequalities 
(2.4) one obtains 

||C/||«+ <exp{l|C;||i + (||Co ll 2 + IIC+ll2)/2c}im|(C) , 
e+>^ + C°, ?:'>Co' + £, C°Co' > IICoIlL • 

Hence for any > HCoIlL there exists an c > 0 such that this inequality holds, 

namely, 

£ < + 4|ICoIIl) /2 = £(^+,C-), 


where the upper bound £(^~'', ^_) corresponds to the solution e > 0 of the equation 
C°Co ^ = IICoIIm ■''^ith e > 0, Co ^ — £ > 0. Hence the operator U is 

C-bounded for any C > Co is C"bounded due to (C*)o = Co = (Oo- 

Now we show that the product formula (2.3) is valid for T{x) = X ^ f®(>f), 
where X G B(H), and 

f®(x:) = 

with flf{x) = ®x&>cflf{x) defined by the operator-valued elements {flf)fzy'^ of the 
matrix-function 


f(a;) 


1 /o” 

0 /o° 

0 0 



1 


fSix) : Six) ^ £{x) , /+(a:):C^C 
flix):C^£ix) , fyix):£ix)^C 


with 

||/+||l<00, ||/o"||2<00, ||/+||2<00, ll/^lloo < OO . 

Let us find the action (2.1) of the operator U = i,{X 0 f®) on the product vector 
a = h®k® , h , 7g/C, where k®i>c) = ^xe>ck{x): 


[Ua\i)c)=Xh^ [ [ .f+i^+)fo 

n. . n ^ 


>C°U>€f=>€ 


= xhi 


fS(x)Hx) J n U / n •^0 ix)kix)dx 




= Xh® (/+ -f /^fc)®(x) exp{ Jif^ (x) + /o (x)fc(a;))dx} 


In the same way, acting on the product vector Xh ® (/° -I- /q^)® by U* = 
yx* ® r®) with 

rix)l = f,ix)\ f*(x); = /+(x)*, rix)l = fy{xr, rix)y = fHx)*, 
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one obtains [U*Ua]{K) = X*Xh 0 (Jq* + + /o°fc))®(>^). 

exp{ J [/+ (x)* + fl*{x){fl{x) + /o°(a;)fc(x)) + /+ (x) + {x)k{x)]dx} = 

= X*Xh(g>{{{*i)l + (f*f)0fc)®(>^)exp{ J ((f*f);(a:) + (f*f)o-fc(x))dx} , 
where the operator-valued functions 

(f*f)°(a:) = /o°(x) (f* + /+(^) 

(f*f)° (x) = f,-{xr+f^{xrfi{x),iri)-{x) = /°(x)Vo°(^)+/o-(^) 

are defined as matrix elements of the product (f*f)(x) = f(x)*f(x) of triangular 
matrices f* and f. Hence on the linear span of the product vectors a = ft. (g) fc® we 
have for T = X (g) f* the *-multiplicative property 

i{T)*i{T) = i{X*X ® (f*f)®) = t(T* • T) , 

where the product (T* • T){>e) is defined as (2.5) due to (f*f)® = f®* • f®: 

(f*f)®(>c) = (g^e^o(/o(a;)Vo(a;)) (/o"(x)* -f /o°(x)*/+(a;))«) 

g^g^-(/+(x)Vo(a;)+/o'(a;)) (/+(x)*-b/+(x)*/+(a;) +/+(x)) = 

{iKiy 

= E /o K°)Vo°(^o°) ® ® /o°«)V^«)® 

ex'; 


/:(^?o-)7o^^o )) ®/q-K” W 


'''+UPg=Xg 

E f+{>^+v+rfi{Kyf%^+)f+i^+\p~+) 

<7~np~^'d~ 


fi<i/ 

E E f* 


CTgnpg='i9g 


U°u< 


>^+v+ y ^ ft >^0 \ft»o 
^0 ^ ^+y v^o ^ 7 


19; 


As the operator-valued functions Xgf®(>^) are relatively bounded ||Xgf®(>^)||(^) = 
||X|| with respect to = 117(2^)11 their linear span is dense in inductive 

space U, the product formula can be obtained as a limit for any T gU, and 


||(t*-t)(>^)|| <Ell^* 


7o Ui9+ 


>r+\a+\ 

<\i?E 


II \\T 


(>^o \7 

V^oW 


1?; u i9° y 


< 


l|rf(C)EC® 


ft<\<, 

U°u<, 


>f+\cr+ E® \7 


>^+\p+ \ 

19; u<; 


[||r||(C)]"(C")®(>^) 


this means ||T* • T||(^*^) < [||T||(^)]^. Due to the proven continuity of the linear 
map L OTi hi into the *-algebra of relatively bounded operators on the projective 
limit n^>of?(;), the ^-multiplicative property of t can be extended on the whole 
★-algebra U with the unity I{}t) = 7 (g l®(>^), l(x) is the identity matrix, having 
the representation l{I) = I. 
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Now let US find the representation U* of the multiple quantum integral (2.7), 
having the values to in U for relatively bounded operator-valued functions 

L{d,>c) due to 

t( 0 <i KS-Xt tX^Xt 

\\T^{>c)\\<c E E E E 

SoCx- 

fi=-,0tX^)<t A«=-,0 

<^11 E Ki€)eAK\€) = c n 

iy=0,+ V=0,+ 

where 

t{x)<t t{x)>t 

c(>f) = n [^( 2 ^)+^(^)] n 

x^>c xG>c 

M ^)=n =n • 

xGf9 x£>c 

From the definitions (2.1) of 17* = i(T*) we obtain the QS integral (1.5): 

[17‘a](>f)= E [[ '^L{-&,>e\&)a{>c°U>c-)dK-d>c- 

= E / / E [[ -^(^:-^)q('*^ LI^0 ^o")d>fo"d>«:+di9“d-d^ , 

where d- = K\(d U i?+),d(-d, >fg) = a{‘d U Xg). Hence i(T*) = A[g t)(i?) with 


for 


>CqL\>C^ — >C 


[B{‘d)d{d U'd )]{>c) = ^ // L(i9, x)d('i? U , >fQ U >fQ )d>^Q d>r^ , 


that is B{'&) = i{L{d)). In particular, if U* = + A*(D) with 17° = i(T°) and 

D(x) = t(C(x)), then 17* = i(T° -|- N*(C)), i.e. lo N* = A* o i, where 

N\C)i>c) = E C'(x,>^\x), C(xO,>i:) = Ci^ix,>c) . 

In the case 17* = A[o_()(i3) with B = l{L) the QS derivatives 
i7*;(x)=A[o,q,))(i?(xO)) = i(a^(x)) 

are defined by 

C>i{x,>c) = iV[o,q,))(i(x')) = r*(")](x;),>^) - t*(“)(x;),>^) , 

where 

%,t)(i(x))= E ■^(’^Lx,>f\i?), 

X is one of the four elementary tables x^ and 

T*(“)(x,>i:) = E A(j?.>fLx)\t?) =r*(^) (>^Ux), 

1? 

T*(“)](x,><:) = E A(t?,>^Lx)\i?) = T*(“) (>i: U x) 

Ux 
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due to 


where 


+ ^ L(,?Ux,>tr\t9)=T‘(")(x,x)+ %.*(,)) (L(x))(x) 


T®l(x) = L{d,>e\d) = T'*+(J^) 

■a<z>c^] 


= {a; G >!r|t(a;) < s} , s+ = min{t(a;) > s|a; G ^^} . 


Hence the derivatives D^{x),x G defining = A[o,t)(D) are represented 

as the differences 

= 4T‘(")](xe)] - i[T‘(")(xe)] 

of the operators (2.8), where r®l(x, ><■) = T*{te U x) = T‘(x, ><■) for any t : s < t < 
s+ = min{t(x) > s|a; G 

Let us consider T‘(x) as elements Tjf{x) = r(xO) of the triangular operator¬ 
valued matrix-function T‘(x) with Tjf = 0 ioY ^ > v, and TZ{x) = T* = T^ix) 
independent of a; € X, defining the triangular matrices U = [C//f] and G = [G(J] as 
U(x) = and G(x) = (x)), where T®1 = T* for a f G (s,s+]. This 

helps to generalize the QS ltd formula [1] for nonadapted processes as 


U**U* - U°*U° = A*(U*D -t- D*U -f D*D), 


because 


u**u* = 6(T‘* • r‘), (T* • T)(>ir U xO) = (T*(x) • T{x))'^{m:) , 

as it follows directly from the formula (2.5), in terms of the usual product of tri¬ 
angular matrices T* and T, defined by the multiplication • of the matrix elements 
Tl^{x) and *-multiplicative property 

i(T*(x) • T(x)) = i(T(x))*i(T(x)) . 

Applying this for t = t{x) and t = t+(x) = minjt G t{>c)\t > t{x)} to the 
representation 

t[(T‘G)]*T*G)])(a;) _ (T*(“=)*T*(^))(x)] 

of the QS derivative of the process U**U*, we finally obtain the formula 

d(C/‘*C/‘) = dA‘[i(T*l)*i(T‘l) - i(T‘)G(T*)] , 

giving the multiplication table (2.9) in terms of the triangular matrices (2.8) with 
GZ{x) = = GX{x) ,UZ{x) = = UX:{x) and L>')(x) = G^{x)-UI^{x) . | 


Corollary 2. The QS process U* = i{T*) is adapted, iffT*{}f) = T{>c^) ® l(>f[t) 
for almost all h — (>^(1), where = >f n = Jtn X^t, and l{ie) = /(xrg) for 

= %, p ^ V, otherwise !(><■) = 0. The QS ltd formula for adapted processes U* 
can be written in the form 

d{U*U) = dA(G*G - U*U ® 1) = U*dU + dU*U + dU*dU , (2.10) 

where dU*dU = dA(D*D) is defined by the usual product of the triangular matrices 
D = [D^], D* = (/ (g) g)D*(7 (g) g) with Df = 0, if p = + or v = — . 
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Indeed, if = T{te*) 0 l(>^[t), then 

[U*{a* (g) c)](x) = ^ / / T{i(*)a{KQ U Kq) ig) c{>C[t)dKQ d}<^ , 

for any a* G Q*,c G J-[t, where the integral should be taken over Kq , G X*, 

otherwise = 0. Hence U*{a* (g) c) = &* (g c for a 6* G tj*. In this case 

U x;;) = g i^{x) g i(>^*(,)), 

where l(^(a:) = 0, if ^ 7 ^ u, II = 1 = Iiji,lQ(a:) = I{x). This gives Ujf{x) = 
^(yt(a=)(xM)) = {7‘ (g) and 

dA(G*G - U*U (g) 1) = dA((G* (g) 1)D + D*(G (g) 1) + D*D) = 

G*dA(D) + dA(D*)G + dA(D*D) = U*dU + dU*U + dU*dU 
as it follows from corollary 1 for the adaptive G*. 

4. A NONADAPTED QS EVOLUTION AND CHRONOLOGICAL PRODUCTS 

The proved ^-homomorphism and continuity properties of the representation l of 
the unital inductive ^-algebra U of all operator-valued functions T{x) of G X, 
G { — ,0} X {0,-1-}, relatively bounded with respect to some C = [C!}(a^)]) 
into the *-algebra B of all relatively bounded operators on the projective limit 
= n{>o enables us to construct a QS functional calculus. 

Namely, if T = f{Qi ,..., Qm) is an analytical function of Qi G G as a limit in 
U of polynomials T„ with some ordering of noncommuting Qi,, Qm in the sense 
||T„ — r||(C) ^ 0 for a then U = l{T) is the ordered function f{Xi,... ,Xm) 
of Xi = L{Qi) as a limit on of the corresponding polynomials G„ = i{Tn), 
that is \\Un — G||^I ^ 0 for any ^_ > 0 and > C-IICoIlL- The function 
U* = f*{X*,. ■ ■ ,X*) with the transposed ordering as U* = l{T*) for T* = 
f*{Qi, ■ ■ ■ ,Qn) is also defined as {-limit due to \\T* — T*||(^*) ^ 0 and 

(C*)8 = Co. 

The differential form of this calculus is given by the noncommutative and non- 
adaptive generalization of the QS Ito formula 

dA = dA(A) ^ d/(A) = dA(/(X -b A) - /(X)) (3.1) 

defined for any analytical function G* = f{X*) of i{Q*) as QS differential of i{T*) 
for T* = fiQ*) with 

Ul^ix) = G^{x) = /(X + A)^{x), 

where f{7i){x) = /(Z(a:)) is the triangular matrix which is the function of the ma¬ 
trix Z{x), representing and correspondingly as X(a;) = l{Q*^^\x)) 

and 

X(x) + A{x) , Ae(x) = 

For the ordered functions G‘ = /(A{,..., A^) this can be written in terms of X^ 
with dXi = dA(Ai) and = X^ -b Ai as 

dG = dA(/(Zi,..., Z„) - /(Xi,..., X„)) . 


(3.2) 
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In particular, if all the triangular matrices {Xj, Zi} are commutative, then one can 
obtain the exponential function [/* = exp{X*} for X = Xi as the solution of the 
following QS differential equation 

d[/ = dA[(exp{A}-i) uj , (3.3) 

with A = ^ Ai and the initial condition [7° = /. Now we shall study the problem 
of the solution of the general QS evolution equation 

dU = dA( (s - i) U) = dA (B U), (3.4) 

defined by a matrix-function B(a;) = [i3(f(a;)] with noncommutative operator-values 
Bg(x): 0 0£(x) ^ Q ^£(x), B^(x):Q^S, 

B°(x): g ^ Q 0 £{x), Bq (x): 0 0 £(x) G , 

and B^{x) = 0, if ^ = -I- or p = —. In the adapted case this equation can 
be written according to Corollary 1 as dU = dA(B){7, which shows that its solution 
with = I should be defined in some sense as a chronologically ordered exponent 
[7* = r[o,t)(B). In particular, if B^{x) = I 0l^{x), where 1 = [^0] is a triangular 
QS-integrable matrix-function with ?() = 0, if /r = -I- or p = —, 

ll{x)-. £{x) £{x), ||/o||(,^ < oo; (a;) S Six), (x) G £*ix), \\l\\l < oo; H^+H* < oo, 

then [7* is defined as I 0 r[o,t)(l), where r[o,t)(l) = l (f[o t)) is the representation 
(2.1) of fj®j^(>f) = 0x£,t{*ix) with f‘(a;) = l(a;) -fl‘(a:), h(a;) = l(x) if tix) < t and 
h(a;) = 0, if t{x) > t, i.e. r[o_t)(l) is the second quantization r(h) of 1*. 

Theorem 3. The QS evolution equation (3.4) written in the integral form U* = 

U° + A*(BU) with U° = i(T0), B(:e) = t(L(x)), is the representation t of the 
recurrences 

{>€) = [Fq,) • r‘] (>^), x G X = U< , (3.5) 

defined for any partition x = [xf;) of a chain xr G A with t G (t-ix), tix)], t-ix) = 
max t and 7+ G (7(a:),7+(a;)], t+ix) = mmtixt(x))) by 

Ft(x) (>^LJx;)) = L(;ix,x) + /(xrUxO) = F>)ix,x), 

where x() is one of the four single point tables i? = (df) with df = x. 

The recurrency (3.5) with the initial condition T*ix) = T^ix) for all t < 
mintix) has the unique solution 

T\x) = [F[o.t) • T\x), F[o.t) = •^<s<tFs , (3.6) 

where Fsix) = lix), if s ^ Uxr^f = x, defined for every chain x = (xi,..., Xm ,.. ■) G 
A, 7 G (7m-i,7m] as product 

*x^KtFt(x) = ■ ■ ■ Fjj 

of Ft,^,ti = fixi) < ti+i and in chronological order. The solution U* = ifT*) of 
( 3 . 4 ) is isometric U*U = I (unitary: U* = U~^) up to at > 0, if is isometric 
^unztary^ and the tnianyular 7natrzx~funct'ion ~1~ 1(^3/) — liFix)) IS 

pseudoisometric: 

S*(a;)S(a;) = i(a;) =10 l(a;) 



QUANTUM ITO FORMULA AND STOCHASTIC ANALYSIS 


17 


(pseudounitary S*(a;) = S(a;) for almost all x G that is 

Sl’(x)*S°(x)=I(x), Sf(x)*+S°(x)*S°(x)+Sf(x) = 0 (3.7) 

(x) = 0, Sl(x)*S°(x) + So(x) = 0 

(and Sq(x) is unitary Sq(x)* = Sq(x)~^ for almost all x S X*). 

Proof. We are looking for the solution of the equation (3.4) as the representation 
U = i{T) of some T{>c). If B(a;) = t(L(a;)), then B(a;)U(a;) = 6(L(x)T(a;)) and 
A*(BU) = i(iV*(LT) due to the property K o u = i o N, proved in theorem 2, and 
the multiplicative property t(LT) = BU, where U(a;) = t(T(x)), T(a;) denotes the 
triangular matrix [r(f{x)\,T(f = 0, if ^ > u, with TZ{x) = = T^{x) and 

T(f{x) = (xO) for ^ 7 ^ +, u 7 ^ —. This gives a possibility to consider the 

equation (3.4) in integral form as the representation U* = l((T^ + A^‘(LT)) of the 
equation 

T\)t) = T°{>e) + N\LT){>e), 
corresponding to = t(T°), where 

^— — ,0 t{x)<t 

N\C){^)= E [L(^)T(x)]:(x\x')) 

depends on T®(i?) with s = t{x) < t ior x € Z\k(; D Ud^. This defines for 

any partition x = (xjO of a chain x = (xi,... ,Xn) G as the solution T*{x) = 
Tm{x), m= \x*'\ of the recurrency 

m 

TM = To{^) + E 1 ] W’ 

k^l 

where Tk-i = for tk = t{xk), and the product LT for Tjf{x,x) = T^^^\xUrc(;) 
is written as 

[L(x)T(a;)]0(x\x')) = [(Fq,) - l) {x) 

for X & x(; in terms of F^^){x U x(;) = Fjf{x,x) for F = L + I. So, if the solution 

of (3.4) exists as U* = then it is uniquely defined by (3.6). 

Let us suppose, that (S*S)(a;) = / ig) l(x) for almost all x with t{x) < t, which 
is the representation i(F*F) = S*S of {x U x) = I{x) 0 l(x) for 

corresponding F(x), t(x) < t. By the recurrency Tm = Ft^Tm-i we obtain 
{Tfn)ix) = i{x) for all tk < t from the initial condition {TqTo){x) = I{x). 
Hence, (T**T*){x) = I{x) for almost all tables x = (xf(), namely those which are 
partitions of the chains x. This gives U'^*U*' = I for 17* = l{T*). In the same way 
one can obtain the condition [7*17** = I from (SS*)(a;) = / 0 l(a;) for almost all x 
with t{x) < t. Writing the condition S*S = / (g) 1 in terms of matrix elements, we 
obtain (3.7): 

'1 ^(((a;)* Sf{x)*l n S((ix) ^^(x)] [l 0 O' 

(S*S)(x)= 0 SK(x)* S(-(x)* 0 S'g(x) S'O(x) =7® 0 I(x) 0 . 

0 0 1 J [0 0 1 J [001 

The unitary solution of the equation (3.4) under conditions (3.7) in terms of 
B = S - I was obtained in [1] in the framework of Ito (adapted) QS calculus for 
the stationary Markovian case B(t) = L (g 1, for nonstationary finite dimensional 
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Markovian case B(i) = L(i) 0 1 in [11]; and for non Markovian adapted case 
B(t) = L‘ (g) l[t in [5]. I 

Corollary 3. Let (E> i,T° S B(7-t) and S{x) = F(a;) ^ 1 be defined by the 

operators Ffi = acting as 

Fq{x) : H ® E{x) E(x), Ffi :H 

F^{x)\ H ^ H® E{x), Fffi(x): H ® S{x) ^ H 

with 

||f 0||« < oo, ||f 0||(‘) < oo, ||Fo-||(‘) < cx), ||F-||(‘) < oo . (3.8) 

Then the solution U* = i. (T*) of the evolution equation (3-4) is defined as f-bounded 
operator for > ||Fq||^^ by adapted chronological product T*{>c) = F[o_t)(>f) • 
satisfying the recurrency 

r‘+(>^ Ux) = F(x) • F(xO) = Ffi{x) , (3.9) 

where t-{x) < t < t{x) < t+ < t+{x),t-{x) = max{t < t{x)\t G t{K)},t+{x) = 
min{t > t{x)\t G t{K)}, and • means the semitensor product, defined in theorem 1. 

The QS process U* = r(T‘) is adapted, can be represented as multiple QS inte¬ 
gral (1.5) U* = A[o_t)(L^ -T^ ®1) with semitensor chronological products L^(i?) = 
•^^L(x) o/L(a:) = F(a;) — I(a:), and has the estimate 

||c/‘||«; < ||r°||exp|^\||L;(x)|| + (||Lo(^)f+ lin(^)f)/24dx| (3.10) 

for > ess supjjgt IIFq (a;) II and sufficiently small e > 0. 

Indeed, if S = F (g) 1 and F satisfies the local integrability conditions (3.8), then 

\\*fi^^.Fi^)\\< n iinx)ii= n c‘«), 

i/=0,4- 

where C*«) = TT ^ ^ ll^^(a^)ll- Hence, Tfix) = F[o,t)(x‘) ® is relatively 

bounded ||T*||(C*) < ||F°|| with respect to dx) = (||F|(‘(a;)||)0“(]'^, x G X*, and 
C{x) = 0, X G X[f. Due to (2.4) and Theorem 2 this gives the ^-boundedness of 
the operator U* = r(t[o,t)) with respect to ^ > ||Fg ||m^ and the estimate (3.10) for 
> f_ ||Fg ||m\ e < in terms of the norms (3.9) for Ffi = + I ® !(). 

Taking into account that l o fV[o,t) = ^[o,t) ° ^ 

fV[o,t) (L- • TO) (>^) = ^ L"(,?).T0®1(>^\,?) = [.re^*(/(x) + T(x)) • TO] ®l[^,^) , 

we obtain the QS integral representation A[o_t)(L^ ■ T'^ ® 1) of Wick chronological 
product i{T*). This process is adapted and has the QS derivative 

D(a;) = A[o.t(,,))(L(a;) • • TO ® i) = L(a;) © C/d") , 

where (T • t/)]) = (L]) ®i)-U, B^(x) ■ U = B^{U ® I{x)), B^-U = Bf^U. Hence 
multiple integral U* = A[o,t)(L^ © 1) satisfies the QS equation (1.10) with = I 
as the case dU = dA(L ® i)U of (3.4). 
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Finally let us define the solution of the unitary evolution equation (1.10) with 
L = e“‘^ — I, H* = H, C/° = / as the representation (2.1) of chronologically 
ordered products 

for F(x) = exp{—iH(x)} 

F^(>^) = F(x„) • • • F(xi) for m: = U^L^Xi . 


Here F‘(x) = /(x) = /(8)l(x), if t{x) > t, F‘(xO) = Flf{x), if t < t{x), x = (xj^) is a 
partition x = U^Zg^^xj^ of a chain x = (xi,..., Xn) € X ordered by t{xi-i) < t{xi) 
with Xi G corresponding to the single point table x^ = {xi^)^'Zg'^ with = Xi, 
and F(x) • T(i?) is the semitensor product, 

F{x) ■ T{d) = {F{x) 0 /®(d° U 0)(T(tf) 0 I^{xg U ;<0)), 

which is the usual product F(x)r(i?), if dimf = 1. As it follows from theorem 
3, the solution [/* = i(F[o^t)) is unitary, if the triangular matrix-function F(x) = 
exp{—iH(x)} is pseudo unitary, that is the Hamiltonian matrix-function H = 
is pseudo Hermitian H*{x) = H{x) for almost all x G X: 

rrO* ZtO I-TO* TJ~ TJ~* uO zj — * tj — 


= 0 for ij, = +, or ly = —). One can easily find the powers H” of the triangular 
matrix H: H° = I, = H , is defined by the table 


— 1 

(HgHl, 

— 1 

WoHl 

’ = 

E“o(-i 

Fl 

= e~ 

Fl 

= [f 


, H”+2 = 


T— TjOn —1 
^0 -^0 ’ 




,n= 1 , 2 ,... 


and F = triangular matrix Fjf = 0, fj, > ly, F_ = 1 = F^, 


F+ = Ho 


(e-*"o 


- 1° 


iffO 


/H^oHS 






0 -/o 


/H^ 


Hi, 


Fo = Ho 


- /o) /Hi 


Representing the conjugated operators Fq",F° in the form Hg = F*Ho + iE*, 
Hl_ = H^F — iE, where E{x),E{x) are uniquely defined by E*E = 0, one can 
obtain the following canonical decomposition of the table {L/) of the generating 
operators L/;{x) = E//{x) — I ® 10(x) of the unitary QS evolution C/*: 




F*LlE\ (E* \E*E\ /O -iH\ 

V j ^ V 0 -A j + Vo 0 j 


H = H-- FHlE*, Ll = exp{-iif0} - 1° . 

Each of these three tables hi, t = 1, 2, 3 corresponds to a pseudounitary triangular 

TT^ 3 

matrix F^ = I -|- Li, satisfying the condition ^ F^ = I -|- = F due to 

the orthogonality of L*. The first one can be diagonalized by the pseudounitary 
transformation FJLiFq = • This defines the QS unitary evolution as the 

composition of three canonical types: 

1) the Poissonian type evolution, given by the diagonal matrix-function F(x), 
corresponding to Hj/ = 0 for all (/i, v) yf 0, for which 

C/‘ = 6(F[o.q) = , F°(x) = exp{-i//0(x)} 
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that is C/* = /® U*{>c)d}{, where U*{>c) = _Fq (a;„)‘ • ■ • Fq{xiY chain k = 

{xi,... ,Xn) G X, where Fq^xY = Fq{x), if t{x) < t, otherwise Fq{xY = I 'Si loC^^)) 

2) the quantum Brownian evolution, corresponding to = 0 = Fl^ with 
iHl=E = IHq*, and 

3) Lebesgue type evolution, corresponding to = 0 for all (/i, v) Y +) for 
which 

U* = t(J^[o,t)) = i i8) y (-i)l"^l]^a;e>t-f^+ ix)d>c = e5q5 |-iy (a:)da;| 0 i , 

where = i^(a;„) ■ • • H{xi) is the usual chronological product of opera¬ 

tors Fl^ix) in H defined for any chain k = {xi,... ,Xn) by t(xi-i) < t(xi). The 
sufficient conditions for the existence of the operators C/‘ as the representations r 
of chronological products of the elements FY{x) of exp{—iH(a;)} is the local QS 
integrability 

WHlWl = WHYWI < oo, \\HY\\\ < oo. 

These conditions define the QS integral = A*(H) as a 

continuous operator for any > 1 > ^_ and the QS time ordered exponential 
[14] [/‘ = mf]3{-iA*(H)} as 

[/‘ = r[o,t)(L) = r(i^[o.t)) 
even if H(a:) is not pseudo Hermitian. 

5. Non-Markovian QS processes and Langevin equations 

Let A C B{7{) be a unital ^-algebra of operators A & acting on a Hilbert 
space TL, and j* : A ^ ^{G) be 9- family of unital *-homomorphisms, representing 
A on Q = HS F as a QS process in the sense [12,13]: 

f{A*A)=j\Arf{A) , /(/) = /. 

We shall assume that each process A* = Y{A) has a QS differential dj(A) = 
dA(9(A)) in the sense 

j\A)=f{A) + Y.Kl{t,d>i{A)) , (4.1) 

where d = (i9(l)0=o]+ is a family of linear maps dl^{x) : A S(Q), depending on 
X € X in such a way that the table-function D(a;) = d{x,A) is QS integrable for 
every A G A. The QS derivative d of the process j was introduced by Hudson [14] in 
the Markovian case 5 = j o A, corresponding to the assumption (a;, C (_4) 
for all /i, u and x. Using the adapted QS Ito formula he obtained the cohomology 
conditions for the maps A]): A —> A, which are necessary and sufficient in the 
constant case A(a;) = A for homomorphism property of j*. These conditions can be 
written simply as unital *-homomorphism property for tp ~ \ F } , j [A] = H 0 1 

ip{x, A* A) = (p{x, Ayp{x, A) , ip{x, I)=i 

in terms of the linear maps p(x) : A —> [p'^ix, A)] into the triangular block-matrices 
A = [AY\ = p{A). In the scalar case £{x) = C 

= K{^)f < = A[)(A) -k A,/r = u; p'^{A) = 0,p> n, 
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is defined as the sum of the map A = [A(^] into the triangular matrices: Aj^(ri) = 0 
if ^ = + or u = — and the diagonal map j = [j^], jif(A) = 0, ^ 7^ u, j^{A) = A, if 
/i = u. As an example one can consider the spatial *-homomorphism 


ip{x, A) = F*(a;)(A ® l(a;))F(x), 

where F(a;) = [Flf(x)] is a pseudounitary triangular matrix Fjf(x) = 0,/i > u with 
FZ = I = F+. 

We shall prove as the consequence of the theorem 4 that the pseudo-homomorphism 
property of a locally QS integrable function ip = {ip{x)} is also sufficient for the 
uniqueness and homomorphism property (4.1) of the solution j* of QS Langevin 
equation (4.2) with a given initial *-homomorphism in nonstationary and non- 
Markovian, and even in the nonadapted case. 

Before doing this let us describe a decomposable operator representation A = 
j® A{>c)d>c of the unital ^-algebra A of relatively bounded A-valued operator- 
functions T{h) in a pseudo Hilbert space Q — TL^F. Here F is the pseudo Fock 
space defined in [8,10] as usual Fock space over the space K = L^(Ar) ©/C©L°°(X) 
of LP-integrable vector-function k(x) = [k^{x) \ p = — ,0,+] with the pseudoscalar 
product 

(k|k) = {k~\k+) + + (fc+|fc") = (kjgk), 

k~ S A^(Ar),fc+ G L°°(X),k^ G /C. In general case, when 1C is -integral 1C = 
J® £{x)dx of Euclidean (Hilbert) spaces £{x),x G X with 

k C X k{x) G £{x), J ||fc(x)|pdx < oo, 

F consists of all integrable in the sense 

|k|| = sup[ J ( J \\k{>i~, < cx) 

tensor-functions fc(>f“, >j:+) G of three chains G X, 

^ = —,0, + with the pseudoscalar product (k|k) = (k|g®k), 

(k|k) = [[[{k{>c~, , >c~)}d>c~, (4-2) 


Taking into account that p| = 0 almost everywhere for the continuous measure 
dix on X, and that for any a CTi® F 

(aja) = / ^ (a(>f:“, >f:°, >f''')|a(>f:^, >f:“))d>i: = (aja) 

'' U>ci^=x 

one can consider the space ^ as a pseudo Hilbert integral f® 0(>f)d>f of tensor- 
functions a(>f) G 7i ©£■*(><:) = 0{k),£{x) = C © £{x) ® C with values in direct 
sums a.{>c) = , ^®) over all the partitions >c = k~ U U of 

M G X. The operator-valued functions T{3t) oi — (>«:))) are unequally defined by 
decomposable operator T = J® T(x:)dx in Q acting as 

[Ta](>t:) = ^ ©[Ta](>f:“, >f:°, >f®) = T(>^:)a(>^), 


\Ta]{>c 


fA — — 50,+ 

E ^ 



o' ) a{>c_, Hq U >^0 , U + U +) (4.3) 

^+J 
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due to Uh^ = Uxi, for = Uu>fi>c^, >c,j = It is easy to check that the 

pseudo conjugated operator T* = J® T(>iyd>c with respect to the pseudo scalar 
product (4.2) is also decomposable: T*(>f) = T(x)*, and is dehned as in (4.3), by 
T*{x) and the product (T*T)(>f) = T*(x)T(x) corresponds to the product (2.5). 
Moreover, the Fock representation (2.1) of the operator ^-algebra A(x)dx can 
be described as a spatial transformation t(T) = J*T J, where J is a pseudoisometric 
operator (Ja|Ja) = ||a|p, with J*: (J*a|a) = (a|Ja), acting as 

[Jaj(>c~, = 60 (>c~)a(x^), [J*a](>!r) = J a{x~,x,^)dx~ , 

((50 means the vacuum function 50(>!r) = 0, if = !)• One can consider 

J*TJ as a weak limit t ^ oo of the operators Jjg j^TJ[o,t), well defined on Q as 

J[o,t) = J{x)dx due to 

lk[o.t)af = [[[ 50(x")||a(xr°)fdx"dx°dx+< e*||af, 

J J 

and to prove directly the property 

J*T* JJ*TJ = J*T*TJ 

corresponding to the multiplicative property of i. 

Let U* = J*T* J be the solution of the QS evolution equation (3.4) with S = 
J*rj, where J = J 0 l(a;), I)) = 0, if /r II = 1 = lljl, lo(a;) = I{x) is the iden¬ 
tity operator in £{x), and lei t*- : A ^ A,v*': B ^ B he the corresponding trans¬ 
formations t(A) = T*AT, v{B) = U*BU of the algebras of relatively bounded 
operators respectively in Q and Q. Then one can obtain, denoting E = J J*, 

J*{t\A))J = J*T**AT* J = J*T‘*EAET‘J = v*{J*AJ), 

that is the QS process d = v* o i over the ^-algebra A is the composition d = lot* 
of the representation l and r* = J® T*{x)dx, where t{x,A) = T(>!r)*AT(>f:) is 
dehned due to (3.6) as chronological compositions 

A) = Fl(x) ■ ■ ■F*^(x)AFt^(x) ■ ■ - Ft.ix) = [ojIg^t(At(,r)(>^)] (A) 

of the maps <j)t(x){x Li x) = (j){x,x), and t*^{x,A) = T°(>f:)*AT°(>!r): T(>!r) = 
T°{x) o(/>[o,4)(><r), where 


(j>iA)= 0(x,A(x))dx = F*AF,A e A = 


A{x U a;)d>!rda:. 


Moreover, if a ,B-valued process B* = l{A*) has a QS differential dB = dA(D), 
then the transformed process B* = v*{B*) satishes the QS equation 

.B*=.B°-hA*(<T(G)-B),G = B-fD , (4.4) 

where B(a;) = U*(x)B(a;)U(a;) = i;(a;,B(a;)), B(a;) = J*A*(^)(x)J, a(G) = S*GS 
as it fallows directly from (3.4) and the main formula (2.9): 

d(17*B[/) =dA(U*S*(B-hD)SU-U"^BU) . 

In particular case D = 0 this gives the QS Langevin (non adapted) equation for 
the QS process l* : A ^ B, written in the differential form as 

di*(A) = dA*(t o <j)(A) — t(A)) = dA‘(<. o A(A)) , 


(4.5) 
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where A(a;) = /® A{x U G A{x), 

A(A) = (A(A) - A, l{x, A) = v{x, J*AJ), 

and (t o <1>)(A) = v o (t(J*AJ) due to 

J*0(A)J = J*F*AFJ = J*F*EAEFJ = S*J*A*JS = ct(J*AJ) . 

The restriction of the equation (4.7) on the *-subalgebra A ® 1® € A, = 

gives the (non Markovian) Langevin equation (4.2) for j* = i* o j, j(A) = 
A 0 1® with the QS derivative 

5 = ioAoj, j(a;, A) = A (g) l(a;) (8> 1® 

over A C B(H). 

Let us find the solution of the general Langevin QS equation (4.5) with nonspatial 
map if. It is given by the following theorem, which is an analog of the theorem 3 
for the maps instead of the corresponding operators L, F, T,. 

Theorem 4. The QS equation (4-5), written as i* = + A* od for all A G A with 

6 if{x,A) = t')(x,A(x,A)),i°(A) = J*r°(A)J 

is defined by linear decomposable maps A(a;): A(a;) ^ A(a;) with \^{x,A) = 0, if 
/i = + or V = — and : A A as the representation 

i‘(A) = JV‘(A)J , t(x,A(a;)) = JV(")(a;,A(x))J 

of the recurrences 

T*+{>c) =T*{>c) 0 <l>t(^){>c), xGkGX, (4.6) 

t G {t- (x), t{x)], t+ G {t{x), t+{x)], where t± = tm±i for a chain >c = (a;i,..., Xm, ■ ■ 
X = Xm, tm = t{xm), and 

(/)q 2 ,)(x U x, A) = A(a:, xr, A) + A = (j>{x, xr, A), A s A{x U xr) . 

The recurrency (4-6) with initial condition ^‘(x:) =r°(x:) for all t G [0,ti] has the 
unique solution 

t\x) = t^{k) o 4>[0,t){x) , ^[o,t) = °^<s<t4>s (4.7) 

defined for every xr = (ari,..., Xm, ■ • ■ )A G {tm-i,tm] by the chronological compo¬ 
sition = (j)^^ O ■■■ o(j)t^_^ of = <j>{x,>c\x) for x G k* = {x G 

xr|t(a;) < t}, <f>s{x) = i(x), i(x) is the identity map A(xr) ^ A(xr), if s ^ The 

solution {i^} of (4-5) is Hermitian: i^(A*) = i^(A)* up to at > Q, ifr^ and 4>{x) 
are pseudo Hermitian: 

r°(A*) = r°(A)*, (^(ar, A*(a;)) = f>{x, A(a;))*, x G A*, 

and is (unital, faithful) QS-process, representing A, if : A ^ A and <i>{x ): A ^ 
A(ar) are (unital) -k-endomorphisms (automorphisms) of the algebras A and A{x) 
for almost all x G X*. 

Proof. We look for the solution of the equation (4.5) as for the representation 
i*(A) = J*A*J of a process A* = r*(A), transforming the ^-algebra A. From 
definition of l{x) and A(a;, xr) = A(xr U x) we obtain 

t(x, A{x)) = J*A(ar)J, A(a;) = A(a;)) = A^^^\x), 
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and A*(5(A)) = A*(J*LJ) = J*N\t)J, where L(a;) = ,t{x))Mx) = 

A(x, A(x)). This gives the equation (4.6) in the integral form as the representation 
J*(A° + A‘(L)) J = J*A‘J of the equations 

^ f*'^^\x,>{\x,\{x,>c\x,A{x,>c\x))) = 

X^>C* 

rO(^,A(;<)) + ^ V)(^,A(;<))) =t‘(;<,A(>^)) 

where = X{x, k\x) for a x S Denoting At(A) + A as (j)t{A), we obtain 

the recurrency (4.6) for t*{k) = Tmi>c),rn = supposing the linearity of the 
maps t‘: 

m 

Tm(^) =To(>r) +^(rfc_i(>^) 0(t)t^{H) -Tk-l{>t)) =Tm-l{^) O <j)t^{H), 
k=l 

This recurrency has the unique solution (4.7), which is linear as the composition of 
the linear maps and (j)t , what proves the uniqueness of the solution i* = 6 o r* of 
the equation (4.5). 

If the maps t^{x) and (I){x,k) — ^t(a;)(>!:U x) are pseudo Hermitian, then the 
composition t*{x) is also pseudo Hermitian, and if they satisfy the (unital) *- 
endomorphism (automorphism) property 

t°(A*A) =r°(A)*T°(A),(A(x,A*A) =(A(x,A)*<^(x,A) 

(t°(A" 1) =r°(A)~\ ^{x,A-^) =(j){x,A)-^) 

for X S X*, then the compositions (4.7) have obviously the same properties. This 
proves the Hermiticity and (unital) homomorphism (isomorphism) property for the 
map d: A e A ^ J*t*(A) J. | 

Let us denote by A* C A the *-subalgebra of relatively bounded operators A = 
J® A(>f)dx with A(m:) = A{>c*') (g) and hy C B the corresponding 

algebra of operators B = l[t with B*, acting in Q*. The adapted QS process 
i* over A is defined by the condition i‘(A‘) C B* for almost all t, and corresponds 
to the adapted QS evolution v^: B ^ B,v*{B*) C H*, described as v*{B) = t*{A) 
for B = J*AJ. 


Corollary 4. The QS process i*, defined by the equation (4-6), is adapted, if 
r°(A°) C A° and<l){x,}{) = (^(x, (8)i( ^[t{x)) for almost all x £ X. In that case 




JM‘^^^(x)J; 


the QS evolution t>* is defined by adapted map a{x)\ J*A ' ^(x)J 
the transformed adapted process B* = v^{B*), with B*, having the derivative D(x) £ 

■ t{x) 

J*A (x)J, satisfies the QS differential equation 

du*(H*) = r;*[dA‘(<T(i? ig) 1) + O’(D) — B i 


(4.8) 


In particular, if B* = A g) 1 and a{x,A g) 1 g 1) = (p{x,A) g 1, (p{x,A) £ A(x), 
where A(x) is the algebra of A-valued triangular matrices A = [A0],A0 = 0, if 
jjL > i',AZ = A = A^ then the equation (4-8) has the form (4-1) in terms of 
j*(A) = t)*(A g i), 9^(x) = o A0(x), where 

f{A) = r°(A) g i,A(x, A) = tp{x,A) - Ag l(x), A G A. 
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If the maps (fffix) are locally -integrable in the sense 

IIA^IIL < IIA^III < oo, IIAolll < ||A;||‘ < oo, (4.9) 

where ||A||p = sup^g_ 4 {||A(x, 2 l)||/||Al||}Pdx)^^'*’, then the solution j*{A) = 

J*r°(^[o,t)(Al <8> !))</ exists as relatively bounded QS integral 

f{A) = A[o,t)(T° O A'"(A) (g) i),A'^(>!r) = Of^^^X{x,>it(a:)) 

where\{x,>c) = A(a;) g i® (>«:), is the identity map for operators in£®{x) and 

T°(>^) = r° g It has the estimate 

||/(Al)d; <||r°||exp{/ (l|A;(x)|| + (||A^(x)f+ ||Ao-(x)f)/2£)dx} (4.10) 

^ Jx* 

forff^/f_ > esssup 2 ,gjft ||(/?q(x)||, ||A|| < 1, and sufficiently small e > 0. 

Indeed, the process t‘(A‘) = J*t*(A*)J is adapted, iff t*{k,A) = t*{k*,A*) g 
!*(>«:[(), as it was proven in the Corollary 2. But due to t{>c, A) = t{}<, A{>c)), it is 
possible only in the case Af-{>c) = A*{k*) g l®(>f:[t) and t*{k) = T^{>d) g l®(>j:[(), 
what is equivalent to the corresponding conditions for and ^{x). If = J*A‘J 
is an adapted process: A*{>c) = Af{>f ) g l®(>j:[t), then 

A‘(a;, h) = P^[>t U x) = A*(>f) g l(x) , Vt < t(x) 

B(x) = J*A*(^)(x)J = g l(x) , Vx G A 

and B(x) = u(x,B(x)) = g l(x), where B* = v*{B*) for the transformed 
process v{x,B g l(x)) = g l(x) evaluated in B = B*^^\ This gives the 

equation (4.4) for the adapted process B* in the differential form (4.8): 

dv*{B*) = dA\v{(T{B g 1 + D) - B g 1)) = i;‘[dA‘(/3(B) + <t(D))], 

where 0{B) = <T(i?gl)—Bgl and dA*ot; = u^odA* for the adapted evolution v* due 
to the same arguments, as in Corollary 1. This equation, restricted on = A g 1 
has the integral form (4.1) due to D = 0 where j‘(A) = u‘(Agi),9(x) = u*^^)o/3(x) 
because v{x) = g l(x). If (0 = A g 1, where A(x, A) G A(x), then it can be 
written as 

dj‘(A) = dA‘(j(A(A)) = jndA‘(A(A) g 1)] . 

The solution j‘(A) = J*t‘(A g 1®) J of this equation is defined by chronological 
composition (4.7) as 

T‘(>!r,Ag 1®) =T°{x,ip'^{xfA) g l®(>!r[t)),¥)'^(>f) = , 

where g i g {>c) is an initial map, and (p{x, >c) = (p{x) g It can be 

described as j*(A) = l{T*) by operator-valued function 

= T^[ip{xi,(p(x2,(p{Xm,A)))] g l®(x-[t) , 

tm < t < tm+ 1 , corresponding in (4.2) to the decomposable T* = t‘(A g 1®) for 
a partition >c = {>cf;) of the chain k = (xi,..., Xm, ■ ■ ■) G A with (p{x^) = ^p^ix). 
Hence, the operator T* is relatively bounded for A G A: 

^— — ,0 

||T‘(>.)|| < ||r°|| ||A|| n Il7>‘(x)|| = ||t° 1| liAII J] C‘«), 
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where= 95(0;), if t(x) < t, otherwisey)*(a;) = i(x), and C = I I Ilv 5 (^( 2 ;)ll- 

This proves like in the Corollary 3 the existence of the solution j*{A) = J*T* J = 
i(T*) of the equation (4.1) as relatively bounded operator B* = j*{A) G B for 
any A & A, having the estimate (4.10) for ||A|| < 1 in terms of ||(/?0(a;)|| = 
sup{||v30(A)||/||yl||}, (p^ = AO for p < V. It can be written in the form of the 
multiple QS integral (1.5) with respect to the operator function B{x) = L{x) (g) 1 
with 

L{}f, A) = t°[A(xi, A(x 2 , ..., A(x„, A)...))] = T°[A'^(>ir, A)] 
for any partition = (xi,... ,a;„) G T where A(xO) = A0(a;) on the single 

point table x = (x^); ^0 = a;. 

The solution of the nonstationary Markov Langevin equation in the form of 
multiple QS integral was obtained recently in the frame work of Ito QS calculus 
by Lindsay and Parthasarathy [15] for more restrictive conditions then (4.9) (finite 
dimensional and local bounded A])). 

Note that our estimate (4.10) is also applicable for the QS flows with the non- 
homomorphic maps 

(p(x) =\{x) +j{x) 

into the generalized operators (p^{x,A) = \'^{x,A) + A (gi l^{x), where l^{x) = 0, 
if p ^ v, ll(x) = 1 = l+(a;), lo(x) = I{x) is the identity operator £{x) 
and \'^{x,A) = ff, if p > v] {^v)v=o+ s-''® the locally integrable in the sense (4.9) 
function x 1 -^ A0(x) respectively to the norms of maps A]) : A & \'^{x, A) into 

the operators 

Aq(x,^) : Ti ® £{x) ^ H® £-{x), X^{x,A)-.T-i^H, 

A°(x,^) : H^H®£-{x), Xq (x, A) : H ® £{x) ^ H . 

Considering a Hilbert scale {£p{x) : p G M+} of the triple £p(x) C £i(x) C £p-i{x) 
one can obtain the corresponding results also in the limits (Q £p{x), (J £p{x) instead 
of £ (x) and £- (x). The restriction to the classical Gaussian case gives the existence 
and uniqueness theorems for the Ito evolution equation in the white noise analysis 
approach [18,19]- In the classical cases the nonadapted Ito formula and noncausal 
differential equations were studied recently by Nualart and Pardoux [17,20]. 
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